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Abstract

The relationship between firms’ growth rates and firm size distribution
has been extensively analyzed in the literature. In particular, the break-
down of Gibrat law for medium and small firms has been identified as the
reason for the emergence of a power law only in right tail of the size distri-
bution. However, the growth rates of firms are not mutually independent,
since firms are connected in the supply network and idiosyncratic shocks
are transmitted through the networks links.
This paper presents a stylized empirical and theoretical investigation on
the Japanese supply network to shed light on the effects of demand shock
on the growth of firms in the different layers of the network. We find
that the growth rates are more volatile for small firms, which tend to be
located upstream in the supply network, leading to the breakdown of the
Gibrat law. The difference in growth volatility depends on the fact that
downstream shocks are amplified as they are transmitted upward in the
supply chain. The extent of the amplification depends on the level of
connectivity of the network and, more precisely, it is larger in more dense
networks. Further, the level to which a firm is affected depends on its
relative position within the network.
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1 Introduction

Research in macroeconomic networks has highlighted the role of firm-level shocks
for aggregate volatility and business fluctuations. In particular, Acemoglu et al.
(2012) show that microeconomic shocks, in the presence of input and output
linkages, do not average out. Rather, their transmission through the supply
network can originate aggregate fluctuations. As a consequence, the study of
the network structure is fundamental to properly model the volatility of aggre-
gate output. Along the same lines, Carvalho and Gabaix (2013) introduce the
concept of fundamental volatility, defined as the volatility associated only to
microeconomic shocks, and show that aggregate volatility tracks fundamental
volatility. Accordingly, the productive structure of the economy and, in par-
ticular, the input/output links across sectors and firms are crucial in spreading
microeconomic shocks spread to the entire system. Both papers extend the
granular hypothesis put forward by Gabaix (1999): when firms are power-law
distributed, the micro-level volatility is amplified and can generate aggregate
fluctuations. In other words, business cycle can be originated not only by ex-
ogenous macro-level factors, but also by idiosyncratic small shocks at the firm
level.

While the cited papers and the literature that has stemmed from them have
contributed redefining the research on business cycle by investigating how the
combination of firm size distribution and network structure affect the aggregate
volatility, comparatively little effort has been made in understanding the oppo-
site causation chain, which goes from individual and aggregate volatility to the
evolution of firms size distribution through the supply network. Empirical and
theoretical literature have established a connection between the Gibrat law of
proportionate effects and power law distribution, showing that the emergence
of a power law or Zipf’s law in firm size is the consequence of the independence
of firms’ growth rates from their size.1 However, as it is known from recent
literature (see Aoyama et al., 2010, 2017; Fujiwara, 2020, for example) and as
we examine in this paper, Gibrat and Zipf’s laws break down for small and
medium firms. The Zipf’s law is dominated by “a few giants” comprising a
considerable fraction of the total size of the economy, while equally important
are the “many dwarfs”, including small and medium firms, the number of which
is much larger than that the number of giants. In addition, firms are connected
with each other in a giant network with supplier and customer links. Typically,
those small and medium firms are suppliers to large firms (see Aoyama et al.,
2010, 2017; Fujiwara, Y. and Aoyama, H., 2010; Fujiwara, 2020, and references
therein). As a consequence, the growth rates of firms are not mutually indepen-
dent, since firms are connected in the supply network and idiosyncratic shocks
are transmitted through the networks links.

Empirical studies have already analyzed the mechanisms and the effects of

1See Bottazzi and Secchi (2003, 2006); Gabaix (1999); Ijiri and Simon (1977); Luttmer
(2007, 2011); Rossi-Hansberg and Wright (2007a,b); Simon (1955, 1960); Steindl (1965) among
others, and, more relevant for the target of this paper, Aoyama et al. (2010, 2017); Delli Gatti
et al. (2005); Fujiwara (2020); Malevergne et al. (2013).
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transmission of shocks along the Japanese supply chain, in particular with ref-
erence to the great Eastern Earthquake of 2011. Among many others, Carvalho
et al. (2016) use a general equilibrium model to investigate how the shock was
transmitted upstream and downstream. They find evidence of transmission both
downward and upward. Boehm et al. (2019) extend the investigation beyond
the Japanese borders and study the consequences of the supply chain disruption
in Japan on non-Japanese suppliers, with particular focus on the implications of
the limited substitutability of factors. More relevant for the scope of this paper,
Inoue and Todo (2018) find that, in general, shocks occurring downstream are
more consequential in terms of disruption of individual firms’ activity, and the
damage is proportional to the number of links for each supplier.

The present paper investigates the role of demand shocks and their trans-
mission along the supply network for the breaking down of the Gibrat law in
one side of the distribution and the consequent emergence of a power law in the
right tail. More precisely, if downstream firms are larger, they are able to fully
transmit the shocks to upstream firms, due to their market power and position
in the network. Accordingly, the volatility in the growth rates of supplier firms
will be larger due to network effects, leading to the breakdown of the Gibrat
law.

Our work aims to provide a preliminary investigation of the effects of de-
mand shocks and their transmission along the supply network on the firm size
distribution in Japan. The investigation is articulated in an empirical anal-
ysis and a simple supply network model. We find that the growth rates are
more volatile for small firms, which tend to be located upstream, leading to the
breakdown of the Gibrat law and the emergence of a power law in the right tail
of firm size distribution. Simulations of the theoretical model reveal that the
connectivity of the network and the combination of market power and position
of firms within the network affect the extent to which downstream shocks are
amplified for suppliers.

The remainder of the paper is structured as follows. Section 2 provides an
overview of the characteristics of the Japanese supply network, showing some
basic stylized facts. Section 3 introduces the model. Section 4 details the struc-
ture of the simulations and presents the results. Finally, section 5 concludes.

2 Firm-size and growth and production network
of firms

Preliminarily, let us summarize two stylized facts on firm-size and growth.
It is well known that there are empirical laws about the distribution for firm-

size and the dynamics for firm’s growth. First, denoting by P (x) the probability
to observe that a firm’s size is greater than x, one observes the so-called Zipf’s
law, i.e.

P (x) ∼ x−µ (1)

for several orders of magnitude in the regime of large firms, where µ is numeri-
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cally close to 1 (see Aoyama et al., 2010; Axtell, 2001, for example).
Second, firm’s growth rates are on average independent from its size (see

Sutton, 1997, for a readable review). Such a property is known as Gibrat’s law
of proportionate effect. Denote by xt the firm’s size, being measured typically
by sales, profits, number of employees and so forth, at time t. As explained in
the following, we will employ annual data, so t denoted a specific year and t+ 1
is the subsequent one. Let us define the growth rate

Gt :=
xt
xt−1

, (2)

and its logarithmic variable

gt := log10Gt = log10 xt − log10 xt−1. (3)

Then Gibrat’s law states that gt is statistically independent of the initial size
xt−1. The statistical independence has been verified in the regime of large firms.

These stylized facts concern the stochastic dynamics of firms in an ensemble
of firms inside an economy. Models for the dynamics have been studied in a
huge literature (see footnote 1)

However, it should be emphasized that these laws are valid for large firms,
as we actually observe by employing a large dataset that (1) covers all the
regime of firm-size including small and medium firms as well as large ones, and
that (2) contains information of production network, namely supplier-customer
relationships among the firms.

2.1 Dataset of firms and production network in Japan

For the study on the validity and breakdown of Zipf’s law on firm-size distribu-
tion and Gibrat’s law on firm’s growth, it would be ideal to have an exhaustive
data set on all the regimes of firm-size, not only large firms such as listed firms
but also small and medium firms, at a nationwide scale. We employ such large-
scale dataset based on a survey regularly and persistently conducted by one
of the leading credit research agencies in Tokyo, Tokyo Shoko Research, Inc.,
which covers mostly all the active firms in Japan. This is nearly exhaustive in
the sense that if a firm A is active in the sense that it is doing an economic
activity as a supplier or a customer with respect to other firms, such a firm is
included in the dataset as far as the other firms need credit information about
the firm A, however small it is.

We shall employ the dataset at two successive years of 2015 and 2016, with
a number of firms of more than a million, which covers most of the active firms
in Japan. For firm-size xt, we shall use annual sales as a proxy and define its
growth-rate gt as in (3), where t refers to the year 2016, and t− 1 to 2015.

Figure 1 shows the distribution of firm-size for each of the years in all the
regimes from 105 Yen to 1013 Yen, roughly corresponding to 103 to 1011 in
USD/Euro of annual sales. One can see that, on one hand, in the regime of
large firms, say larger than 109 Yen, the distribution obeys a Zipf’s law as in
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(1). Noting that the distribution in the figure is a complementary cumulative
density function (CDF) and that (1) is written in the form of CDF, one can
immediately see that the power-law exponent µ is close to 1. On the other
hand, for the regime of small and medium firms (sales smaller than 109 Yen),
there is a deviation from Zipf’s law as shown in the CDF.

In addition, the dataset includes the production network or supplier-customer
relationships among the firms based on another survery conducted by the credit
research agency (see Aoyama et al., 2010, 2017; Fujiwara, Y. and Aoyama, H.,
2010, for more details). If firm A sells goods and services to firm B, we define
the supplier-customer link from A to B, A → B. The number of suppliers fi
of firm A is that of in-coming links fi → A or in-degree, while the number of
customers fi of firm A is that of out-going links A→ fi or out-degree.

Figure 2 shows the distribution of in and out degrees, or the number of
suppliers and customers, respectively, of each firm. Being similar to the firm-size
distribution in the regime of large degrees, the distribution obeys a power-law
as in (1). There is a strong correlation between the firm-size and the degrees, as
one can naturally expect, for larger firms possess a larger number of suppliers
and customers Fujiwara, Y. and Aoyama, H. (2010); Aoyama et al. (2010, 2017).

Now, by employing this dataset, let us turn our attention to Zipf and Gibrat’s
laws and their validty and breakdown depending on the firm-size in the next
section.

2.2 Zipf and Gibrat’s laws and firm-size

It is straightforward to empirically study the dynamics of the firms’ size. Fig-
ure 3 is a scatter plot for the firm size xt−1 at time t− 1 and xt at time t. As
one can see, the growth rate has a peak around gt = 0, because many firms are
concentrated along the diagonal 45-degree line. Nevertheless, a fraction of firms
can have large positive growth-rate or small negative growth rates.

In order to examine the statistical dependence of the growth-rate gt on the
initial firm-size xt−1, let us divide xt−1 into different groups or bins, and cal-
culate the distributions of gt in the different bins. Figure 4 shows the following
results:

• For the regime of large firms, Gibrat’s law holds, because the conditional
distribution for gt given the initial size xt−1, p(gt|xt−1) does not depend
on xt−1 as shown in Figure 4 (a). Here the bins are given by

109 × [100.5(n−1), 100.5·n] Yen for n = 1, 2, 3, 4 (4)

• For the regime of small and medium firms, Gibrat’s law breaks down, i.e.
p(gt|xt−1) depends on xt−1 as shown in Figure 4 (b), where the bins are
given by

106 × [100.5(n−1), 100.5·n] Yen for n = 1, 2, . . . , 6 (5)
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• Comparing Figure 4 with the distribution of firms-size in Figure 1, one can
see that the boundary between the validity and breakdown of Gibrat’s law
corresponds to where the distribution deviates from the Zipf’s law around
109 Yen.

To quantify the statistical dependence of firm’s growth on size, we calculate
standard deviations from the PDF’s in Figures 4 (a) and (b) at each bins given
by (4) and (5) to obtain the result in Figure 5. To summarize, one can see that
Gibrat’s law holds for large firms, but breaks down for small and medium firms.

2.3 Production network of firms

The production network or supplier-customer relationships in our dataset has
information about the flow of goods and services from upstream firms to down-
stream firms. We apply the well-known analysis of “bow-tie” structure (Broder
et al., 2000), first by focusing on the connectivity, and then by using the so-called
Hodge decomposition.

In general, a network can be represented as a graph G = (V,E), where V
and E are the set of vertices and edges, respectively. Let us denote the number
of vertices by |V | and edges by |E|. In our case, a vertex is a firm, and an
edge is a link emanating from supplier to customer. First, one can decompose
G into weakly connected components (WCC), i.e. connected components when
regarded as an undirected graph. In our case, we found that there exists a
giant WCC with |V | = 1, 066, 037 and |E| = 4, 974, 802. In what follows, we
focus on the giant WCC, which can be decomposed further into the following
components:

GWCC : Giant weakly connected component: the largest connected compo-
nent when viewed as an undirected graph. An undirected path exists for
an arbitrary pair of firms in the component.

GSCC : Giant strongly connected component: the largest connected com-
ponent when viewed as a directed graph. A directed path exists for an
arbitrary pair of firms in the component.

IN : The firms from which the GSCC is reached via a directed path.

OUT : The firms that are reachable from the GSCC via a directed path.

TE : “Tendrils”, which include the rest of the GWCC.

It follows from the definitions that

GWCC = GSCC + IN + OUT + TE (6)

Figure 6 depicts the result of bow-tie structure. In (6), GWCC is decom-
posed into GSCC (49.73%), IN (20.63%), OUT (26.16%), and TE (3.47%) with
percentages in parentheses being the fraction in terms of the number of firms
contained in each component. GSCC occupies nearly the half of the entire set
of firms as a “core”, presumably circulating goods and services mutually among
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them. IN is the portion supplying to the core from the upstream, while OUT is
demanding the products in the downstream side.

It should be remarked that the shortest distance from the GSCC to IN or
OUT is at most 4, implying that the bow-tie does not have elongated shape like
a “bow-tie”, but looks like a “walnut”. 2

2.4 Hodge decomposition

The so-called Hodge decomposition of flow on a network is a mathematical
method of ranking nodes according to its location in terms of upstream and
downstream of the flow (Jiang et al., 2011). The method, also known as
Helmholtz-Hodge-Kodaira decomposition, has been used to find such a struc-
ture in complex networks (see the applications to economic networks in Iyetomi
et al., 2020; Kichikawa et al., 2018).

Let us recapitulate the method briefly only for a binary graph, i.e. without
weight. 3

Consider a directed network G = (V,E) with an adjacency matrix Aij , i.e.

Aij =

{
1 if there is a directed link from node i to node j,

0 otherwise.
(7)

Denote the number of nodes by N = |V |. By assumption, Aii = 0, i.e. Aij is
considered to represent the flow on the network.

Let us define a “net flow” Fij by

Fij = Aij −Aji , (8)

and a “net weight” wij by
wij = Aij +Aji . (9)

It should be remarked that (9) is simply a convention to take into account the
effect of mutual links between i and j; one could multiply (9) by a half or an
arbitrary positive weight, which actually has little change to the result for a
large network.

The Hodge decomposition is given by

Fij = wij(φi − φj) + F
(loop)
ij , (10)

where φi is called a Hodge potential of node i, and F
(loop)
ij is divergence-free by

definition, namely ∑
j

F
(loop)
ij = 0 , (11)

for i = 1, . . . , N . The original flow Fij is decomposed into gradient flow, wij(φi−
φj), and circular flow, F

(loop)
ij .

2See the detailed study on the same Japanese production network’s walnut structure in
Chakraborty et al. (2018).

3See the cited Kichikawa et al. (2018); Iyetomi et al. (2020) for more general cases.
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From (10) and (11), given Fij and wij , one has simultaneous linear equations
to determine φi: ∑

j

Lijφj =
∑
j

Fij , (12)

for i = 1, . . . , N . Here

Lij = δij
∑
k

wik − wij , (13)

and δij is Kronecker delta, i.e. δii = 1 and δij = 0 for i 6= j.
Note that simultaneous linear equations (12) are not independent of each

other. In fact, the summation over i gives zero. This corresponds to the fact
that there is a freedom to change the origin of potential arbitrarily. Let us use
the convention in the following that the average is zero.

One can prove that if the network is weakly connected, as in our case, the
potential can be determined uniquely up to the choice of the origin of the po-
tential.

We apply the method of Hodge decomposition in order to locate an individ-
ual firm i in the upstream and downstream layers of the network by using the
Hodge potential φi. The results are summarized in Figure 7. The figure shows
the distribution for the Hodge potential of firms in each component of GSCC,
IN, OUT and TE (as represented in Figure 6). Recall that the average of all the
potentials is 0 by definition. Larger potential implies that the firm is located
upstream, while smaller potentials correspond to downstream, as one can see
by comparing the histograms for different components. One can see that while
the bow-tie analysis can display the relative locations of those components of
GSCC, IN, OUT, and TE, the Hodge decomposition can reveal the individual
firm’s location in terms of Hodge potential. 4

3 The model

Firm i using inputs from suppliers j has the following Cobb-Douglas production
function

Qit = Ait
∏
j

H
αij
ijt (14)

where Qit is the physical output, Ait is the technical coefficient for the customer
firm i, Hijt is the input sold from firm j to firm i, and αij is share input j in
the production of i, with

∑
j αij = 1.

Firm i sells a fraction φi of its output to other firms in the supply chain
and the remaining 1 − φi to final consumers. The quantity φi for each firm is
given by the normalized Helmholtz-Hodge potential, which is larger the further
from the final goods market is the position of a firm within the supply network.
The price at which the output is sold to other productive units in the supply
chain is Pi whereas the price in the consumption market is µiPi. The quantity

4For another application of Hodge decomposition for the same Japanese production net-
work, in particular dependence on industrial sector, see Kichikawa et al. (2018).
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µi > 0 represents a relative index of competitiveness of the final-goods market
with the respect to intermediate-goods market. More specifically, if 0 < µi < 1,
firm i has less market power in the final-goods market than in the intermediate-
goods one. The model is agnostic with respect to the market structures and
just proxies with µi the relative competitiveness of the two.

Profit for firm i is calculated as

Πit = Qit [φiPit + (1− φi)µiPit]−
∑
j

PijtHijt (15)

where Pijt is the price of the input sold by firm j to firm i. Taking the FOC
with respect to input j, we obtain the demand curve for input j from firm i as

Pijt = Pit [φi + (1− φi)µi]AitαijH
αij−1
ijt

∏
z 6=j

αizH
αiz
izt (16)

We express the inverse of (16) as

Hijt = {ΛijtAitΓijt}
1

1−αij (17)

with
Λi = φi + (1− φi)µi (18)

We define Γijt = Pit
Pijt

∏
z 6=j αijH

αiz
izt as a stochastic shock with E[Γijt] = 1. The

shock compounds all the factors on the supply chain for i that are exogenous for
firm j. This quantity includes shocks in the other inputs that may lead to input
substitutions for firm j. This simplification allows us to focus exclusively on the
transmission of demand shocks, eliminating the noise coming from additional
external factors. The demand for input Hij includes two types of possible
shocks: the shock in customer’s production Ai, and the shock Γijt, representing
exogenous events impacting on the other firms supplying inputs to i. In turn,
the variations in Ai include both the shock in productivity and the shock in
the final demand Qi. The extent to which these shocks affect the quantity
demanded of inputs depends on Λi. More specifically, for given expected values
of Γijt, if Λi > 1 the volatility in Hijt is larger than the volatility in Qit since
Λi amplifies the shock in Ait.

The parameter convolution Λ proxies the capacity of firm i to pass a shock to
its suppliers or, from a different perspective, it quantifies the impact for supplier
j of a shock affecting its customer i. From equation (18), Λi depend on the level
in the supply chain of the customer-supplier relationship (φi) and the relative
market power of the customer (µi).

4 Simulations

This section explains how the computer simulations for the model presented in
section 3 are implemented and presents the main results.
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4.1 Settings

The simulations are based on the stylized network structure of Figure 6, but
abstracting from the connection within each component. Accordingly, we use a
simplified network with three layers, assuming no horizontal links. The network
is static and links are randomly created at the beginning of the simulation. In
the absence of suitable microeconomic data, the technological coefficients αij
are simply considered as equal for all suppliers of firm j. This choice allows us
to focus on the supply-chain hierarchical effects in determining the firms size
distribution, while modeling possible substitution effects as stochastic elements
included in Γijt. As a further simplification and in order to ensure accounting
consistency, the demand function (17) is rescaled by a factor Qit/Aitdi, where
di is the in-degree of firm i. This modification ensures consistency between
the amounts of inputs and outputs and dispenses us from addressing general
equilibrium implications, which are beyond the scope of the study at the present
stage. Drawing on empirical evidence on firms’ growth (Bottazzi and Secchi,

2003), final consumption demand evolves according to Qit = Qit−1(1 + εQit)

where εQit is drawn from a Laplace distribution with zero mean and standard
deviation 0.045. The productivity coefficients A for each layer are modeled as
an AR(1) process of the type

Ait = ρAit−1 + νit (19)

with νit ∝ N (0;σA). For the process in (19), we set ρ = 1, σA = 1.
In the simulations, 1000 firms are allocated to each group. Links are ran-

domly assigned at the beginning, with each firm having a probability of 40% to
form a link with another firm in the upper layer.

Since the simulations are ran with a relatively small number of firms and
with a simplified network, we cannot use real estimates of the Hodge potential.
We therefore set it equal for all firms in each layer as φ = [0.1; 0.5; 0.9] in ascend-
ing order of layer, which roughly correspond to the medians of the normalized
distributions of the potential for each component as displayed in Figure 7. This
choice dispenses us from arbitrary mapping the estimates of the potential from
real data into a small population of firms connected into a random network
and, at the same time, allows us to obtain a neater representation of how final
demand shocks are passed from one level of the supply network to the others.

Given the impossibility to calculate the relative competitivity of wholesale
versus retail sectors, we set µi = 2 for downstream firms and µi = 3 for firms
in layer 2 and 3, assuming that both firms have more market power in the final
goods market and that this difference is larger for suppliers. Accordingly, we
obtain Λ = [1.9; 2; 1.1], for the the three layers, respectively, although Λ for the
top layer is not involved in the simulations. Initial conditions are equal for all
firms with A0 = 15. Finally, Γijt are iid according to a uniform distribution
with support [0.95; 1.05] and the total number of periods is T = 50.
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4.2 Results

The simulations qualitatively replicate the evidence reported in section 2, pro-
viding some insights on the mechanisms that determine the different growth
regimes for the various dimensional classes and position within the network.

Figure 8 displays the scatter plot of firm size (proxied by total sales) for each
of the last 10 periods, with each dot representing the size of the firm at time t
and time t+4, assuming each period to correspond to a quarter. For downstream
firms, the points lie around the 45-degree line, while for firms in the second and
third layers of the network the dispersion is evidently higher. The results of
the simulation qualitatively match the outcomes for Japanese firms reported in
Figure 3, showing that the smallest firms are mostly located upstream. The
higher volatility of firms in the two upper layers of the network can be better
appreciated in Figure 9, which plots the sizes for the last period and the fourth
last period relative to the size at time T − 10. Interestingly, the plot shows an
asymmetry for firms in top layer, which record a lower growth on average. This
asymmetric behavior occasionally occurs during the simulations when a group
of large firms is hit by a particularly negative (or positive) demand shock. The
amplification of the shock as it is passed to the suppliers can determine sizable
aggregate outcomes, as it is appreciable in this particular instance.

The higher degree of dispersion in growth rates for upstream firms is evident
in Figure 10. The plot includes the logarithmic growth rates for each firm during
the whole simulation period. The tails of the distributions are considerably
fatter for the upper layers of the network, mimicking the pattern observed in
Figure 4 for real data. The difference in the levels of volatility in the growth
rates is at the root of the size distribution of firms displayed in Figure 11. Given
the limited sample of the simulation, it is not possible to obtain a neat power
law behavior in the tail. Nonetheless, upstream firms appear to be located in
the flatter section of the distribution. Figures 10 and 11 confirm the hypothesis
that downstream demand shocks can be amplified in the supply chain, leading
to the breakdown of the Gibrat’s law for upstream firms and to the power law
tail in the firm size distribution for downstream firms.

Further evidence is provided by Figure 12, which qualitatively reproduces
the findings shown in Figure 5, identifying a scaling regime for small firms, and a
Gibrat regime for large firms, in the relationship between firm size and growth
volatility. Each dot in the plot represents the standard deviation in growth
rates for each decile of the firm size distribution. The results in the plot are the
average over 50 Monte Carlo replications. A negative relationship is identifiable
for small firms, while no apparent correlation can be detected for the largest
ones. Hence, for largest firms Gibrat law applies since their rate of growth is
independent from their size, while the same does not hold for the smallest firms,
which are the upstream ones, as shown in figure 11.

Despite its simplicity, the model can provide some insights on the role of the
position of firms in the network and of the network structure in determining
firms’ growth dynamics. Figure 13 illustrates the results of the sensitivity anal-
ysis for both Λ and the network structure, by reproducing the scatter plot of size

11



versus standard deviation for firm size deciles. Setting Λ = 1, the downstream
shocks are not amplified for suppliers and the only additional volatility is rep-
resented by the multiplicative noise Γ, whose expected value is 1. As the figure
shows, when downstream shocks are not amplified by network transmission, no
clear pattern of growth volatility can be associated to dimensional sizes. The
same result is obtained by decreasing the probability of a link to 25% (from
40% of the baseline scenario) and determining therefore a more sparse network.
In such a scenario, suppliers are less exposed to downstream shocks. In another
set of simulations, not shown here, we tested the effects of a fully connected net-
work. The Monte Carlo replications show that a complete network determines
the same split of the relationship between size and volatility observed, for the
baseline scenario, in figure 12. In conclusion, in a more connected network, the
increased exposure to idiosyncratic shocks outweighs the potential benefits of
diversification.

The potential risk of a highly interconnected supply network can provide a
rationale for the empirical results of Inoue and Todo (2018), who find a positive
correlation between the damage suffered by Japanese firms due to the Great
Eastern earthquake and their in-degree (relative number of customers). We
show that, in general, this positive correlation is a result of the larger exposure
to shocks for the more connected firms, which is due to the fact that micro-level
volatility increases as the shock is transmitted upward in the supply chain.

In terms of aggregate outcomes, this sort of “snowball effect”, as volatility is
transmitted to suppliers, can be mitigated by input substitution (as argued by
Carvalho et al., 2016; Inoue and Todo, 2018) and, at least partially, averaged out
in national accounting, because intermediate outputs do not enter the calcula-
tion of GDP. However, since the particular mechanism of amplification of shocks
that we identify shapes the firm size distribution, it also indirectly affects the
macroeconomic dynamics because of the granular hypothesis. In fact, as Gabaix
(1999) demonstrates, the dimensional distribution of firms play a key role in
the generation of business fluctuations. As a consequence, it is paramount to
understand not only how shocks are transmitted through the supply network,
but also the mechanisms through which they affect the evolution of the firm size
distribution. Our findings point to the existence of a chain of feedback effects
between the size distribution of firms, the structure of the supply network, and
the macroeconomy.

5 Conclusions

The paper proposes an investigation of the role of the supply network in de-
termining the growth dynamics of firms and, as a consequence, their size dis-
tribution. Through an empirical and a theoretical analysis based on Japanese
data, we show that firms in the upstream layers of the supply network display a
larger volatility in their growth rates, which is determined by the amplification
of demand shocks hitting downstream firms. As a result, downstream firms are
more likely to be located in the power law tail of the size distribution, while
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suppliers are on average smaller.
The network structure emerges as an important factor in the link between

demand shocks and firm size distribution. Specifically, in more connected net-
works, suppliers display a higher volatility in growth rates. Given the connection
highlighted in the literature among microeconomic shocks, firm size distribution,
and business cycles, our results point to a potentially relevant new dimension
to consider in the analysis of macroeconomic networks. Our findings also reveal
interesting similarities between supply networks and credit networks in terms
of the implications of diversification and transmission of idiosyncratic shocks
(Battiston et al., 2007; Di Guilmi et al., 2020).

The current model is admittedly too basic to provide substantial policy
indications and a comprehensive treatment of the links between business cycles,
firm size distribution, and network structure. The next step in our research
agenda is to develop an estimation strategy that will allow us to better map
the model into Japanese data. For this task, the model should be extended to
account for input substitution and, accordingly, dynamic network formation.

We also plan to adjust the model to integrate it with the complete macroe-
conomic model of the Japanese economy by Di Guilmi and Fujiwara (2020)
in order to provide a wide range of policy indications and further explore the
feedback effects between the evolution of the firm size distribution and the
macroeconomy.
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Figure 1: Complementary CDF (cumulative density function) for firm-size of
sales (in Yen). The regime of large firms obeys the Zipf’s law (1) with µ being
close to 1. There is a deviation from the law in the regime of small and medium
firms, roughly smaller than 109 yen. Two plots correspond to the years of 2015
and 2016.
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Figure 2: Complementary CDF for the degrees of individual firms. In-degree
refers to the number of suppliers of the firm, while out-degree is the number of
customers of it. Data for the year 2015. Similarly to the size, both of the in and
out degrees obey a power-law in the same functional form of (1). Largeer firms
have larger degrees, and vice versa. Similarly for small and medium firms. See
Fujiwara, Y. and Aoyama, H. (2010); Aoyama et al. (2010, 2017) for details.
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Figure 3: Scatter plot for temporal change of individual firm-size for two succes-
sive years of 2015 and 2016. Diagonal 45-degree line correspond to the growth-
rate Gt = 1 or gt = 0 (see (2), (3)).
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(b) For the regime of small and medium firms

Figure 4: Probability density function (PDF) for growth gt in the regimes of
large firms (a) and small and medium firms (b). (a) n = 1, 2, 3, 4 correspond to
different bins of initial firm-size xt−1 to calculate the growth, which are logarith-
mically equal-spaced between 109 and 1011 Yen (see the CDF in Figure 1), i.e.
109×[100.5(n−1), 100.5·n]. Gibrat’s law holds, because the PDF for gt does not de-
pend on xt−1. (b) n = 1, 2, . . . , 6 correspond to bins of 106× [100.5(n−1), 100.5·n]
between 106 and 109 Yen. Gibrat’s law breaks down, because the PDF for gt
depends on xt−1; smaller firms have larger variation in the growth.
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Figure 5: Dependence of standard deviation of growth-rate gt for the firms
binned in different sizes, logarithmically equal-spaced between 106 and 1011

Yen. Standard deviations are calculated from the PDF’s in Figures 4 (a) and
(b). One can see that Gibrat’s law holds for large firms, but breakdown for
small and medium firms.

18



Figure 6: Bow-tie structure for the production network. The “core” is located
as a giant strongly connected component (GSCC), which is linked to the IN and
OUT components by in-going links into and outgoing links from the GSCC,
namely ‘upstream” and “downstream”. The remaining part is called “tendrills”
(TE). Percentage in each component represents the ration of the number of
firms included in the component to the total number of firms (1.06 million).
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Figure 7: Histogram of the Hodge potential of firms in each component of
GSCC, IN, OUT and TE (see Figure 6). The average of all the potentials is 0
by definition (shown as vertical line). Larger potential implies that the firm is
located in the upstream, while smaller potentials correspond to downstream.

20



Figure 8: Log of firm size in the fourth-last period (horizontal axis) and last
period (vertical axis) of simulations. Blue circles: layer 1, red circles: layer 2,
yellow circles: layer 3.
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Figure 9: Log of firm size the last period of simulations and fourth-last period
over size at time t− 10. Blue circles: layer 1, red circles: layer 2, yellow circles:
layer 3.
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Figure 12: Size versus standard deviation of sales for all firms. Monte Carlo
simulation with 50 replications.
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Figure 13: Size versus standard deviation of sales for all firms with Λ = 1 for all
firms (red dots) and sparse network (black dots). Monte Carlo simulation with
50 replications.

26



References

Acemoglu, D., Carvalho, V. M., Ozdaglar, A. and Tahbaz-Salehi,
A. (2012): The Network Origins of Aggregate Fluctuations, Econometrica,
80(5): pp. 1977–2016, doi:10.3982/ECTA9623.

Aoyama, H., Fujiwara, Y., Ikeda, Y., Iyetomi, H. and Souma, W. (2010):
Econophysics and Companies: Statistical Life and Death in Complex Business
Networks, Cambridge University Press.

Aoyama, H., Fujiwara, Y., Ikeda, Y., Iyetomi, H., Souma, W. and
Yoshikawa, H. (2017): Macro-Econophysics: New Studies on Economic
Networks and Synchronization, Cambridge University Press.

Axtell, R. L. (2001): Zipf distribution of US firm sizes, Science, 293(5536):
pp. 1818–1820.

Battiston, S., Delli Gatti, D., Gallegati, M., Greenwald, B. and
Stiglitz, J. E. (2007): Credit chains and bankruptcy propagation in pro-
duction networks, Journal of Economic Dynamics and Control, 31(6): pp.
2061–2084.

Boehm, C. E., Flaaen, A. and Pandalai-Nayar, N. (2019): Input Linkages
and the Transmission of Shocks: Firm-Level Evidence from the 2011 Tōhoku
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