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Abstract

We revisit some popular univariate trend-cycle decomposition methods given the
Covid-era data and find that only the output gap estimates from the Beveridge-Nelson
filter remain both intuitive and reliable throughout the crisis and its aftermath. The real-
time Hodrick-Prescott filter estimates for the output gap just prior to the pandemic are
highly unreliable, although the estimated gap during the pandemic is reasonably similar
to that of the Beveridge-Nelson filter. The Hamilton filter produces reliable estimates,
but suffers from base effects that imply a purely mechanical spike in the output gap
exactly two years after the onset of the crisis, in line with the filter horizon. Notably,
unlike with the Beveridge-Nelson and Hodrick-Prescott filters, forecasts of the output
gap for the Hamilton filter do not settle down to zero given plausible projected values
of future output growth and display large spurious dynamics due to base effects given a
simulated Covid-like shock in the projection. We also provide some refinements to the
original Beveridge-Nelson filter that produce even more intuitive estimates of the output
gap, while retaining the same strong revision properties.
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1 Introduction

The COVID-19 pandemic led to extreme outliers in macroeconomic data and created the need
for important modifications to standard time series techniques, such as how to estimate vector
autoregressions with Covid-era data, as discussed in |Lenza and Primiceri| (2022)). However, in
the case of trend-cycle decomposition, real-time reliability is a key attribute to consider when
choosing a particular approach, and so it is of strong interest to know how different methods
that were developed before the pandemic performed throughout the crisis and its aftermath.

In this paper, we revisit three popular univariate trend-cycle decomposition methods to
examine their performance, including in terms of reliability, when faced with Covid-era data.
These methods are the [Hodrick and Prescott| (1997)) (HP) filter, the Hamilton| (2018)) filter, and
Beveridge and Nelson| (1981) (BN) filter from Kamber, Morley, and Wong| (2018). In revisiting
the BN filter, we also develop some refinements to the approach that are designed to be useful
for practitioners.

After presenting our proposed refinements to the BN filter, we show that both the original
and refined BN filters are very reliable, including during the pandemic. The refined BN filter
selects a signal-to-noise ratio based on minimizing a non-zero stochastic trend volatility instead
of maximizing the amplitude-to-noise ratio, as was considered in Kamber, Morley, and Wong
(2018)). In practice, this leads to a lower signal-to-noise ratio and produces an estimated output
gap that displays even more coherence with the output gap for the HP filter. Although it is
arguably even more intuitive by being more in line with the HP filter, we find that the refined
BN filter output gap retains the same strong revision properties as the original BN filter in
comparison with the less reliable HP filter.

In terms of the crisis, the real-time HP filter estimates of the output gap just prior to the
pandemic turn out to be particularly unreliable. Specifically, the estimates at the time in 2019
suggested that the economy was very close to trend, while predictably given the large drop
in output in 2020Q2 and the trend-smoothing criterion of the HP filter, the estimates of the
output gap for 2019 have been subsequently revised upwards to imply the economy was in a huge
boom at the time. These revisions are entirely mechanical and spurious, as we demonstrate
with projections of future output growth that include a large one-time simulated Covid-like
shock.

As hinted at by the criticism of the revision properties of the HP filter in [Hamilton| (2018)),
the Hamilton filter is much more reliable than the HP filter and this holds during the pandemic.
However, the Hamilton filter suffers from base effects that produce a predictable spike in the
estimated output gap exactly two years after the onset of the crisis, in line with the filter
horizon. This sudden jump in the estimated output gap in 2022 is unintuitive and completely
mechanical. The modified Hamilton filter due to |(Quast and Wolters (2022) is, as advertised,
even more reliable and avoids such a large discrete jump in the estimated output gap in 2022
given that it averages over different horizons. However, both the original and modified Hamilton
filters mechanically generate future spurious offsetting positive output gap estimates given the

projections of future output growth that include a large one-time simulated Covid-like shock.



In addition, we find that both versions of the Hamilton filter produce very unintuitive forecasts
of the output gap given the projected values of future output growth at a constant level.
Specifically, the forecasts of the output gap do not settle down to zero, but grow on a trend path
with a slope that depends on the assumed trend growth rate. Other than around the simulated
Covid-like shock, the HP filter performs better in terms of the projections of future output
growth, with forecasts of the output gap converging to zero when the economy is projected to
grow at a constant trend rate. However, the refined BN filter performs well in terms of all of
the projected data, while also being highly reliable in real time. Thus, we argue for the use
of the refined BN filter when seeking both intuitive and reliable estimates of the output gap,
including when considering real GDP data augmented with long-term projections as is often
done in policy settings.

The rest of this paper is organised as follows: First, we recap the details of the BN filter
and present some refinements designed to be useful for practitioners. Second, we consider the
real-time reliability of the original and refined BN filters when including Covid-era data and
compare revision properties to those of the HP filter and the original and modified Hamilton
filters. Third, we consider what the different methods imply about forecasts of the future
output gap given a projection of real GDP that reflects a plausible assumption about the long-
run growth rate of the economy and also allows for a future Covid-like shock. We end with

some brief conclusions.

2 The BN filter with refinements

We begin with a high-level description of the original BN filter developed in |Kamber, Morley,

and Wong| (2018]), before presenting our proposed refinements.

2.1 The Kamber, Morley, and Wong| (2018) BN Filter

In |Kamber, Morley, and Wong| (2018), we employed the definition of trend from Beveridge and
Nelson| (1981) as the long-horizon conditional expectation of a time series minus any a priori
known (i.e., deterministic) future movements in the time series. Denoting {y;} as a time series
with a trend component that follows a random walk with constant drift, the BN trend at time
t, TtBN , 1s

TN = }LI?O Ei[yer; — 7 - E[Ay]]. (1)

The basic intuition behind the BN decomposition is that the long-horizon conditional expec-
tation of a time series is the same as the long-horizon conditional expectation of the trend
component under the assumption that the conditional expectation of the remaining cyclical
component goes to zero at long horizons. By removing the deterministic drift, E [Ay,], the con-
ditional expectation in equation remains finite and becomes an optimal (minimum mean
squared error) estimate of the current trend component (see [Watson, [1986; Morley, Nelson, and

Zivot, 2003).



The BN filter in Kamber, Morley, and Wong| (2018) implements the BN decomposition by
applying the definition in equation given a restricted AR(p) forecasting model for {Ay,}
to calculate conditional expectations, where the restriction allows the imposition of a signal-

to-noise ratio to imply a smooth trend, similar to the HP filter. More precisely, we specify an
AR(p) model:

P
A?Jt:#+z¢j(Ayt—j_M)+et> e ~ N(0,02), (2)

j=1
where 4 is equal to E [Ay,] and, therefore, denotes the deterministic drift in {yt}H Modelling
a time series as an AR(p) process in first differences allows for a stochastic trend in the level
because a forecast error for the first differences will have a permanent effect on the long-
horizon conditional expectation of {y,;}. Using the state-space approach to calculating the BN

decomposition in Morley| (2002), the BN cycle at time ¢, ¢2V | for this model is
cN=—[10 --- 0FI-F) "X, (3)

where X; = (Ayy —po, Ayp—1 — pt, ..., Ayy_pr1 —p)’, and F is the companion matrix for the AR(p)

model: _ -
1 P2 o O
1 0 --- 0
F:
0
1 0

Defining the signal-to-noise ratio, ¢, in terms of the variance of the change in trend as a
fraction of the overall forecast error variance (i.e., § = 0%, /0?), Kamber, Morley, and Wong
(2018) note that the signal-to-noise ratio 0 maps directly to the coefficients of the AR(p)
model, so that one can impose the signal-to-noise ratio directly on the model in equation ({2
by specifying a restriction on the AR coefficients. Specifically, we transform the AR(p) model
in equation into its Dickey-Fuller representation:

p—1

Ay =i+ p(Ayra —p) + Y 65D — p) + ey, (4)

J=1

where p = ¢1 + ¢o + ... + ¢, and ¢} = —(¢j11 + ... + ¢,). There is a direct mapping from the
signal-to-noise ratio d to the sum of the AR coefficients p in the Dickey-Fuller representation,
with § = (1 — p)~2. This mapping underpins a key motivation of Kamber, Morley, and Wong;
(2018)), given that freely estimating an AR(p) model for real GDP growth often yields a signal-
to-noise ratio in excess of 1, whereas common methods of removing the trend in macroeconomic

time series data such as the HP filter explicitly or implicitly impose a much lower signal-to-noise

LOur choice of exposition is in terms of the demeaned form of the AR(p) model rather than specifying an
intercept form in order to make it clear where the drift that enters into the calculation of the BN decomposition
comes from. If one were to estimate an intercept, denoting c as the intercept, the drift would simply correspond

toc/(1 =30 ;).



ratio. The procedure developed in|Kamber, Morley, and Wong (2018) thus allows one to impose
a low signal-to-noise ratio by specifying 6. Then, equation can be estimated imposing a

particular signal-to-noise ratio § by fixing p as follows:
p=1-1/\/3. (5)

The BN decomposition can be applied imposing the particular signal-to-noise ratio & by first
solving for the restricted estimates of {¢; le by inverting the Dickey-Fuller transformation
given p and estimates of {¢} }?;i and then calculating the BN cycle following equation

Implementation of the BN filter procedure could be as straightforward as setting ¢ to a
particular low value such as, for example, § = 0.05, which would correspond to the assumption
that only 5% of the quarterly forecast-error variance for output growth is due to trend shocks,
and then carrying out estimation of the restricted model imposing the corresponding p and
applying the BN decomposition.

Because making a particular choice for 6 might appear somewhat arbitrary in practice,
we proposed an automatic selection of § based on maximizing the amplitude-to-noise ratio in
Kamber, Morley, and Wong| (2018)). The intuition of this approach is that, given practitioners
often have a low signal-to-noise ratio (and thus high amplitude cycles) in mind, this criterion
allows for a trade-off of a larger amplitude cycle against the poorer fit of a corresponding

restricted forecasting model.

Time-varying drift While the key innovation with of our original BN filter was to impose
a low signal-to-noise ratio in an AR(p) model when performing the BN decomposition, we also
explicitly allowed for the possibility of time-varying drift. This accommodation was important
because empirical evidence suggests the possibility of breaks in drift for many time series,
including US real GDP, and so allowing for the possibility of time-varying drift broadens the
utility of the BN filter for practitioners. Generally, the drift term (i.e. p in equation (2))) needs
to be estimated. We originally considered two possibilities for how to deal with time-varying
drift in applied work. We first considered testing for structural breaks in p, using something
like the |[Bai and Perron| (2003) approach, and if breaks in u appear to have occurred, we then
adjust for these breaks by demeaning {Ay;} using subsample averages given estimated break
dates and then proceeding with the rest of the procedure. In an output gap application, this
amounts to finding breaks in the mean growth rate of real GDP and demeaning the growth rate
based on the breaks. While such an approach is useful for ez-post analysis, it is less useful for
real-time analysis. This is necessitated by the fact that breaks are, by their nature, two-sided,
and one needs to know the future growth rate before confidently dating the timing of a break ex
post, a luxury that practitioners who need to estimate the output gap in real time do not enjoy.

We therefore proposed a second approach of using a rolling 40-quarter window to estimate a

2Equation can be easily estimated via classical or Bayesian methods. For the BN filter in |[Kamber, Morley,
and Wong| (2018]), the model is estimated using Bayesian methods with Minnesota-like priors to mitigate possible
overfitting when specifying a high-order AR (p) model that can allow for a relatively complicated autocovariance
structure for {Ay;}.



time-varying drift. That is, we set i, = % 2?31 Ay1-; and thereafter dynamically demean
the first differences of the time series being detrended. The dynamic demeaning procedure
has two advantages. First, because it is backward-looking, one can adjust for a break in real
time before there is evidence of a break in mean. Second, if the drift did not change or was
largely unchanged, the adjustment will make little practical difference to the estimated cyclical
component, while if there were indeed large breaks, one would not require strong statistical
evidence in the form of a [Bai and Perron (2003) test, which could take a decade or more to
statistically date a break, before accounting for the break. This is because a sufficiently large
break in real time should induce a discernible change on the estimates of the mean growth rate

over the past 40 quarters.ﬂ

2.2 Refinements to the BN filter

We propose four separate refinements to the BN filter. At a high level, we view only one of these
as a major refinement, with the other three being relatively more minor, but still potentially
useful. The main refinement pertains to a trend-smoothness loss function when selecting a
particular signal-to-noise ratio 6. For the minor refinements, we first discuss an update to our
dynamic-demeaning procedure to address outliers that can affect the average change in the
cycle over the window used to estimate time-varying drift. Then we consider construction of
error bands for the estimated cycle to allow for time-varying volatility. Finally, we update our
backcasting procedure to provide an estimated cycle for the full sample of the variable being

detrended. We now present the details of these refinements in turn.

2.2.1 A trend-smoothness loss function when selecting §

As an alternative to maximizing the amplitude-to-noise ratio, we propose choosing a positive &
that minimizes the variance of the change in trend. Specifically, our optimization problem for
this new loss function is given by

min o3 (9), (6)

deRT
where we explicitly consider an interior solution to this problem. Obviously, imposing the
limiting case of 6 = 0 would truly minimize the implied variance of trend shocks by implying
there is no stochastic trend at all - i.e., 03, (0) = 0. However, that limiting case corresponds to
a unit MA root for { Ay, } and is, therefore, incompatible with using a finite-order AR(p) model,
for which the ¢ implied by p is strictly positive. At the same time, near zero values of ¢ would
not be close to the optimum if the fit of the model deteriorates as § — 0 — i.e., lims_,o02(d)" <
0. Specifically, noting that 02, (§) = d0%(d) and, therefore, 0%, (8) = do2(§)" + 02(d) and

3We can allow for different possible windows for estimating a time-varying drift, but we use 40 quarters
when considering estimation of the output gap given that the window is long enough that temporary effects of
business cycles on growth rates should average out and the estimated drift will also be reasonably precise, while
it is short enough that it allows for substantial low frequency changes in long-run growth. One could start with
a longer window and shorten it until results for implied time-varying drift become either relatively unchanged
or very imprecise with a further shortening of the window.



o, (8)" = §02(8)" + 202(8)', it is easy to see that lims oo () > 0 and lims_,o0%.(6)” < 0,
meaning that a local minimum would be interior as it requires 02, (3)' = 0 and 0%, (8)” > 0]

We see this trend-smoothness loss function as being in the spirit of trend-cycle decomposition
methods that impose explicit smoothness priors on the trend, such as Harvey, Trimbur, and
Van Dijk| (2007), or impose a very low signal-to-noise, such as the HP filter. This loss function
should be well suited to events such as the COVID-19 pandemic that involve extreme movements
in the data without such an obvious of a change in how much the trend moves. At the same
time, smoothing the trend in this way has the potential to alter the reliability properties of the
BN filter given other methods that smooth the trend, such as the HP filter, are notably less
reliable and can also generate spurious cycles (Cogley and Nason| [1995). We also note that
our proposed loss function has also been useful beyond considering the univariate BN filter.
In related work estimating the euro area output gap using a multivariate BN decomposition,
minimizing the variance of the change in trend also helped in estimating the depth of the output
gap during the Covid-19 recession for the euro area (see Morley, Rodriguez-Palenzuela, Sun,
and Wong, 2023).

2.2.2 Iterative dynamic demeaning

To understand our proposed iterative dynamic-demeaning approach, it is helpful to revisit the
basic assumption that the trend of {y;} is a random walk with drift. That is, the non-zero
unconditional expectation E [Ay] = p # 0 is associated with the trend, not the cycle. Recall
the basic trend-cycle identity:

Yt = Tt + Ct. (7)
Then, it directly follows that
Ayt = A’Tt + ACt (8)
and

The assumption that drift is associated with the trend is equivalent to assuming E [A7;] = p and
E [A¢;] = 0, which directly follows from the maintained assumption E [¢;] = 0 when applying
the BN decomposition.

When we use the sample mean of {Ay,} to estimate p, we are implicitly assuming that the

sample mean of {Ac,} is essentially zero, consistent with its unconditional expectation. That

4If the model fit also deteriorates for large enough § — i.e., lims_,~02(8)" > 0, this implies 02(6*) = 0 and
o2(6*)” > 0 for some §* > 0, which, in turn, implies 02, (6*)’ > 0 and 03, (6*)” > 0. This further implies
0%,(8)” = 0 for some smaller value of 0 < § < ¢* for which ¢2(§)’ < 0 and ¢2(§)” > 0. Then solving for
an optimum by finding § > § such that 0% _(J)’ = 0 would correspond to a local interior minimum because
0%,.(6)” > 0 for § > §. An exact analytical solution depends on the noise function o2(§). In practice, we
consider a numerical grid to find the ¢ that minimizes the 0%, (8). Tt is straightforward, then, with the grid
to confirm existence and uniqueness of the local minimum in any given setting. We always find an interior

minimum in practice.



is, the trend-cycle identity in equation also implies

1« 1« 1«
—ZAyt:—ZATt+—ZACt (10)
Tt:l Ti:t Tt:l
and
1« 1 « 1«
T;ACt%OjngTt%T;Ayt (11)

Thus, the sample mean of {Ay;} approximates the sample mean of {A7;}, and thus provides
an easy way to estimate the drift associated with the trend.

However, when we consider dynamic demeaning to account for time-varying drift, the sample
for our rolling-window estimation can become small enough that the average change in the cycle
over the rolling window might not be zero. Of course, when estimating the cycle, we obviously
do not observe it a priori, so we cannot simply remove the sample mean of the change in
the cycle to estimate the drift associated with trend growth. But if our estimated cycle using
{Ay;} to estimate time-varying drift implies a non-zero sample mean of the change in the
cycle, then we can consider iterative estimation of trend growth until the estimated cycle is
consistent with the sample mean of the estimated change in the cycle. Specifically, initially
setting c;{‘)} = 0 and j = 1, we repeatedly estimate the cycle using dynamic demeaning according

to ,u;{j} = %Zfﬁl AYpy1-i — 35 2?21 AC;{EE for j iterations until cfj} ~ cfj_l} up to some

arbitrary level of precision. Note that c}l} is just our original dynamic-demeaning estimate
using {Ay;} to estimate time-varying drift. The iterative approach helps address unusual
movements in a cycle that can result in the average change in the cycle over the rolling window
being significantly different than zero. We are motivated by the large outliers associated with
COVID-19 to consider this approach, although we find relatively little difference in estimates
during the pandemic using the original or iterative approaches given that the change in the
cycle, while large, was not persistent. We find larger changes in estimates at other points of

the sample period.

2.2.3 Time-varying error bands

In the appendix of Kamber, Morley, and Wong (2018]), we presented a method to assess the
uncertainty associated with the BN filter estimates. In particular, based on equations and
, we solved for the variance of the BN cycle, o2, as follows:

c2=01 0 --- O FI-F)"'"Sx(I-F))"'F[1 0 - 0, (12)



where Y x is the variance of X; and vec(Xx) = (I — FQ F) vec(Q), with Q being the variance-

covariance matrix for the innovation vector of the companion form for the AR(p) model:

(13)

Because the estimated trend provides an unbiased estimator of the true trend, we proposed
constructing 95% confidence bands for the BN cycle by inverting a simple z-test for different
values of ¢; as follows:

PN +£1.960,. (14)

While useful, the bands based on this approach have a constant width. However, if the
conditional volatility of {Ay,} were actually time varying, the originally proposed approach
could incorrectly estimate the degree of estimation uncertainty at different points of the sample,
which seems particularly relevant when faced with events such as the COVID-19 pandemic when
there was unprecedented volatility in real GDP growth.E] Thus, the refinement we propose
for the construction of error bands is to allow for the possibility of time-varying volatility.
In particular, our simple proposal is to estimate time-varying conditional volatility of {Ay,}
using a rolling window, although one could certainly consider a more complicated approach.
Specifically, given window size k, we replace the estimate of conditional volatility o2 in equation
based on least squares residuals from equation ([2)) with estimates of o2, using a rolling
window from t — k + 1 to t. We consider k = 40 quarters as the choice for the rolling window

to align with our choice for dynamic demeaning [

2.2.4 Iterative backcasting to generate trend-cycle estimates for

Our last refinement involves iterative backcasting of initial observations for estimation by uti-
lizing the time reversibility of a linear time series process that can be described in terms of
ARMA dynamics (see, for example, Ramsey and Rothman, 1996). Our motivation of doing
so is because trend-cycle decompositions such as the HP filter produce an estimate of trend
and cycle for the first observation of the level of the time series being decomposed, y;, while
the original BN filter only does so for the first available observation of the first differences,
which corresponds to the second observation in levels, y,. In order to obtain a trend and cycle
estimate from the BN filter for the first observation in levels, we need a better estimate of the
first difference associated with the initial observation, Ay, than just using the estimated drift,
it, which is what we used for backcasting initial observations when estimating the restricted

AR(p) model in the original BN filter. We find estimates of initial observations by using the

5We note that accounting for changes in volatility is less relevant for the estimated cycle based on equation
because modelling heteroskedasticity would have minimal impact on estimates of the autoregressive coefficients
in F, restricted or otherwise. Thus, it is not such an issue when conducting the BN decomposition to ignore
potential heteroskedasticity. It is only when constructing confidence bands that this heteroskedasticity matters.

6As with dynamic demeaning, the estimates for the first 40 quarters are constant and based on the first 40
quarters.



restricted AR(p) model to forecast p + 1 observations in first differences out of sample and
then reversing the time series in differences including these forecasted observations in order to
backcast p+ 1 initial observations in first differences. We do this iteratively until the estimated
initial observations and out-of-sample forecasts converge to an arbitrarily small tolerance. In
practice, we find this convergence is almost immediate. Then, with p + 1 backcast initial ob-
servations, Ay, Ago, ..., AY_p+1, We can use equation to calculate the cycle (and, therefore,

trend) for y.

Figure 1: Estimates of the US output gap using the refined BN filter
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Notes: Units are 100 times natural log deviation from trend. Sample period is 1947Q1 to 2023Q2. Shaded bands around the
estimate correspond to 95% confidence intervals based on inverting a z-test that the true output gap is equal to a hypothesized
value using the standard deviation of the BN cycle estimated with rolling-window estimates of time-varying conditional volatility
for output growth. Shaded bars correspond to NBER recession dates.

2.3 Estimates of the output gap using the refined BN filter

We first present estimates of the output gap using US real GDP data from 1947Q1 to 2023Q2
when considering all of the refinements. Figure [1| plots these estimates, along with 95% confi-
dence intervals. Similar to what we found in|Kamber, Morley, and Wong| (2018)), the refined BN
filter produces intuitive estimates of the output gap, with movements in it being well aligned
to the NBER reference cycle. We note that there is a larger degree of estimation uncertainty in
the earlier part of the sample than during the Great Moderation, but a higher level of uncer-
tainty has returned since the COVID-19 pandemic given the inclusion of outlier growth rates
associated with the pandemic in the rolling window when estimating time-varying conditional
volatility of output growth. The § selected given the new loss function is 0.02, implying that

only 2% of the quarterly forecast-error variance for output growth corresponds to trend shocks.



This contrasts with the § = 0.24 found in Kamber, Morley, and Wong| (2018)), which while
yielding intuitive and reliable estimates of the output gap, may have been larger than believed

by many practitioners seeking to estimate a smooth trend.
Figure 2: Comparison of the original and refined BN filter

Estimated Output Gap
T T

= BN Filter Refined
=—===BN Filter Original N
HP Filter

Percent Deviation from trend

| ! I I I ! ! I
1950 1960 1970 1980 1990 2000 2010 2020

Estimated BN Filter Trend

Estimated BN Filter Output Gap

S— R ——

N
[y

N
o

====Real GDP| |
— Refined
= = Original

o & A N o N o~

Trillions of Chain 2017 Dollars

Percent Deviation from trend

— Refined | |
===-=Qriginal
19

2018 2019 2020 2021 2022 2023 2018 2019 2020 2021 2022 2023

Notes: Units are 100 times natural log deviation from trend for the first two panels and trillions of 2017 dollars for the third panel.
Sample period is 1947Q1 to 2023Q2 for the top panel and 2018Q1 to 2023Q2 for the bottom panels. Shaded bars correspond to
NBER recession dates.

To help understand the role of the refinements, Figure [2| compares the results for the refined
BN filter with those for the updated sample based on the original BN filter proposed in Kamber,
Morley, and Wong| (2018). The top panel of Figure [2| plots the estimated output gap for the
refined BN filter together with estimated output gap for the original BN filter, while also
including the output gap based on the HP filter using the typical smoothing parameter of
1600 as a point of reference. In general, the refined BN filter produces an estimated output
gap with fluctuations that are very similar to those for the original BN filter. However, there
are some key differences. The refined BN filter estimates display a more similar amplitude
to that of the HP filter estimates than the original BN filter estimates, with the refined BN
filter and HP filter estimates being reasonably similar to each other around the pandemic. The
differences in amplitude between the original and refined BN filters are particularly notable
during the 1970s recessions, the mid-1980s, the Great Recession, and the COVID-19 pandemic.
Specifically, because the new loss function is explicitly designed to minimize the change in
trend, it mechanically attributes a larger proportion of the fluctuations in real GDP to the

cycle[] All in all, the comparison with the HP filter suggests that the new loss function for the

"We note that the original procedure selects a ¢ of 0.15 for the updated sample, which is lower than the
selected value of 0.24 for the original sample from 1947Q1 to 2016Q2 used in Kamber, Morley, and Wong| (2018).
Nonetheless, this is still much higher than the § of 0.02 selected with the proposed new loss function.
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refined BN filter comes closer to the implicit loss function of practitioners who continue to use
the HP filter despite repeated warnings not to do so (e.g., |Cogley and Nason, (1995; Hamilton,
2018).

To provide some sense of how our updated approach deals with the pandemic, the bottom
panels of Figure [2| compare the refined BN filter with the original BN filter, zooming in on
the COVID-19 period in particular. For the comparison, we present both the output gap and
trend output estimates. The refined BN filter attributes more of the fall of real GDP during
2020Q2 as being transitory rather than permanent. The corresponding trend estimates show
that the refined BN filter implies a less sharp reversal in trend output. The original BN filter,
on the other hand, implies a sharper drop followed by increase in trend output in 2020Q2 and
2020Q3, respectively. Given what we know happened during that period, the refined BN filter
produces estimates of the output gap and trend output that are arguably more consistent with
the economic narrative of the time. In particular, the outlier fall in real GDP growth in 2020Q2
was clearly associated with temporary and massive restrictions on economic activity such as
lockdowns that were largely reversed in 2020Q3, which suggests an economic narrative that most
of the decline in activity due to the pandemic was transitory.lﬂ The differences in estimates are
largely about the new loss function, with some differences around Covid also reflecting dynamic
demeaning given lower estimated trend growth in the 2010s implying a generally higher level
of the output gap. However, the new iterative approach to dynamic demeaning plays a more
limited role, with only some small changes in estimates such as during the Great Recession
given a large persistent drop in the output gap, and almost no change in estimates during the

pandemic given the large drop in the output gap only lasted for one quarterﬂ

3 Real-time reliability when including Covid-era data

We now compare the real-time reliability of the BN filter against some widely-used trend-
cycle methods by examining their revision properties when including Covid-era data in the
analysis. This evaluation is motivated by the well-documented general unreliability of output
gap estimates in real time, as most prominently demonstrated by |Orphanides and van Norden
(2002). A key attraction of the original BN filter is that it appears to have revision properties
which largely circumvent the Orphanides and van Norden (2002) critique. It is thus of interest to
understand whether both the original and refined BN filters retain such good revision properties
when confronted with Covid-era data and how they compare to each other and other widely-
used methods.

In terms of the other methods, we consider the HP and Hamilton filters. The HP filter is a
natural choice given its ubiquitous use in academia and policy environments, and we consider

the standard implementation of the HP filter using a smoothing parameter of 1600, as in Figure

8Tt is possible that the disruption associated with the pandemic had some more persistent and possibly
permanent negative implications for economic activity as well, consistent with finding of some reduction in
trend when using our trend-smoothing loss function or even the HP filter.

9The iterative backcasting also plays a minimal role in the differences in output gap estimates between the
original and refined BN filter, although it is still beneficial because it provides an estimate for 1947Q1.
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The Hamilton filter is also an obvious choice given its recent emergence due to its ease of use
and also its purported ability to address various shortcoming of the HP filter. Furthermore,
since the publication Kamber, Morley, and Wong] (2018)), Quast and Wolters| (2022)) have shown

that the Hamilton filter possesses similarly good revision properties when comparing to the BN

filter. The Hamilton filter estimates the output gap by obtaining the residual from a least
squares regression of h-step-ahead log real GDP on its contemporaneous value and three lags
as well as a constant. We consider two versions of the Hamilton filter: the original version
in Hamilton| (2018), which sets A = 8, and the modified version in |Quast and Wolters (2022),

which averages over gaps obtained from A =4 to h = 12.

Figure 3: Ex-post versus pseudo-real-time output gap estimates
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Figure 3| plots ez-post and pseudo-real-time estimates of the US output gap for the different
methods. By ex post, we are referring to the output gap estimated using the full 1947Q1-2023Q3
sample of data. For the pseudo-real-time estimates, we sequentially estimate the output gap
starting with a shorter sample from 1947Q1 to 1970Q1 and then adding one observation of real
GDP at a time, retaining the last estimated value of the output gap for each pseudo-real-time
sample. This is analogous to the filtered estimate of the output gap if one were estimating the

gap in real time using the Kalman filter, albeit with the final vintage of data.ﬂ

10We consider just a single vintage of data in order to isolate the role of the methods rather than data revisions
for three reasons. First, [Orphanides and van Norden| (2002) show that most of the revisions for output gap
estimates (about two-thirds) are due to the method rather than data revisions. Second, none of the methods
are explicitly designed to address data revisions, so using a single vintage of data isolates the analysis to how
well the various methods are able to deal with the so-called “end-point” problem. Third, because none of these
methods are designed to address data revisions, [Kamber, Morley, and Wong| (2018) show it makes relatively
little difference whether one uses real-time data or a single vintage if one were just seeking to understand the
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Consistent with |Orphanides and van Norden| (2002) and Kamber, Morley, and Wong (2018)),
Figure [3| shows that the output gap based on the HP filter is often heavily revised, with the
pseudo-real-time and ez-post estimates diverging considerably. Notably, despite being near the
end of the sample, the real-time HP filter estimates of the output gap just prior to the pandemic
are clearly unreliable, with the ex-post estimates revised upwards substantially in 2019 from
being very close to zero to implying a huge boom. By contrast, all variants of the BN filter and
the Hamilton filter have pseudo-real-time and ex-post estimates that are much more similar.

Despite the inclusion of Covid-era data in the analysis, it is clear from Figure |3| that the
original BN filter retains the good revision properties reported in [Kamber, Morley, and Wong
(2018)) and also confirmed in Quast and Wolters| (2022)) and Barigozzi and Luciani (2023).
Meanwhile, the refined BN filter displays similarly good revision properties as the original BN
filter. Note that because we estimate the output gaps in pseudo real time, we are also allowing
§ to change in the real-time setting. While the pandemic did change the selected &, most
prominently for the original BN filter from the originally published 0.24 to 0.15 at the final
data point, this makes little difference to the ex-post versus pseudo-real-time estimates. In fact,
it is precisely because of the BN filter’s reliability that & falls post pandemic. Given that the
historical and ez-post estimates do not diverge post pandemic, the only way that the BN filter
can retain its reliability when considering either the amplitude-to-noise ratio or the variance of
the change in trend in the presence of large outlier shocks that boost the sample variance of the
forecast errors is through a corresponding decrease in the signal-to-noise ratio ¢ given “noise”
is being measured by 2.

Turning to the Hamilton filter, estimates for both the original and modified versions are also
little revised in Figure |3 consistent with what was documented by |Quast and Wolters (2022).
An interesting finding, though, is that, while the estimated output gaps between the original
and modified versions were very similar pre pandemic, they are quite different post pandemic.
In particular, the original Hamilton filter output gap displays a large mechanical spike in the
estimated output gap in 2022Q)2, exactly two years after the onset of the crisis. The spike
is mechanical because it was perfectly predictable prior to 2022Q2 given base effects for the
8-quarter-ahead projection of the level of log real GDP for 2022Q2 due to the low value of log
real GDP in 2020Q2 and then for 2022Q3 due to the largely recovered value of log real GDP
in 2020Q3[M We will return to this issue of how and why the original and modified versions of

comparative revision properties of the methods under consideration.

"UThe predictable base effects may be easiest to think about by considering the simplified version of the
Hamilton filter also discussed in [Hamilton! (2018) that constructs the output gap as the eight-quarter difference
in log real GDP —i.e., yy — yi—s = Ay + Ayp—1 + ... + Ay,_7. From 2020Q3 to 2022Q1, the eight-quarter
difference will include the 2020Q2 and 2020Q3 quarterly growth rates, which were largely offsetting. So, if all
other quarterly growth rates were much closer to the drift u, the eight-quarter difference from 2020Q3 to 2022Q1
would be close to 6 - . Then, predictably in 2022Q2, the output gap will jump up by about —Aya92002 + 1 as
the very negative quarterly growth for 2020Q2 is dropped from the eight-quarter growth rate and the 2022Q2
growth rate, which is assumed to be closer to the drift u, is added. Furthermore, predictably in 2022Q3, the
output gap will fall back down by —Aysn20g3 + 1 to close to 8- i1 as the very positive growth rate for 2020Q3 is
dropped and the 2022Q3 growth rate, which is again assumed to be closer to the drift i, is added. In this sense,
it is predictable changes in the “base” for the eight-quarter difference (i.e., y;—s) that mechanically explain the
positive spike exactly 8 quarters after a large negative spike.
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the Hamilton filter are so different post pandemic in Section [4]

Figure 4: Revision properties of output gap estimates
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Standard deviation and root mean square of revisions to the pseudo-real-time estimate of the output gap are normalized by the
standard deviation of the ez-post estimate of the output gap. “Correlation” refers to the correlation between the pseudo-real-time
estimate and the ex post estimate of the output gap. “Same Sign” refers to the proportion of pseudo-real-time estimates that share

the same sign as the ex post estimate of the output gap. The sample period for calculation of revision statistics is 1970Q1 to
2018Q2.

To round out the real-time reliability analysis, Figure [4| presents the revision statistics for
the various methods, albeit dropping the last five years of the sample when calculating the
statistics because more recent ez-post estimates near the end of the sample may end being
heavily revised in the future. These statistics were originally proposed by |Orphanides and van
Norden| (2002). The top panel plots the size of the revisions between the pseudo-real-time
and ex-post estimates in terms of standard deviation and root mean square, both normalized
by the standard deviation of the ex-post estimated gap, as suggested by Orphanides and van
Norden, (2002). The bottom panel plots the correlation between the pseudo-real-time and ez-
post estimates and proportion of these estimates that share the same sign. As one might suspect
from Figure |3} all variants of the BN filter and the Hamilton filter have good revision statistics,
whereas the HP filter does poorly. On some level, this is perhaps not entirely surprising. As
first pointed out by Kamber, Morley, and Wong (2018)), the BN filter does well because it is a
one-sided filter which does not rely on future information, unlike the HP filter and the various
other filters considered by |Orphanides and van Norden| (2002). The Hamilton filter also falls in
the category of a one-sided filter, so it naturally also does well on these metrics as long as the
estimated regression parameters remain little changed with the addition of new data. Finally,
we note that, even though the original Hamilton and BN filters do well on these metrics in
an absolute sense, their updated versions seem to do better on at least some of the metrics,

especially for the refined BN filter, which suggest that the updated versions can provide some
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valuable enhancements without sacrificing real-time reliability. Again, this is a particularly
notable finding for the refined BN filter given that the trend-smoothing criterion of the HP
filter seems to be a source of its unreliability, while the trend-smoothness loss function for the

BN filter perhaps surprisingly does not seem to lead to any deterioration in its reliability.

4 Trend-cycle decomposition with projected data

Next, we augment the US real GDP data from 1947Q1 to 2023Q2 with projections of future
output growth from 2023Q3 to 2055Q4 that include a simulated Covid-like shock occurring 15
years in the future in 2038Q3 to see how the different methods would forecast the output gap
and process an outlier shock for which we know the true impact on trend and cycle. We project
that real GDP generally grows from the end of our sample by 0.6% in every quarter. This
coincides with a drift of about 2.5% real GDP growth per annum, close to the historical norm.
However, in 2038Q3, we also project a (i) a one-time permanent 2.5% reduction in the level of
real GDP and (ii) an additional 7.5% transitory reduction in the level of real GDP. Our scenario
thus assumes a overall 10% reduction in real GDP in 2038Q3, followed by a partial recovery
in 2038Q4. That is, one-quarter of the overall Covid-like shock corresponds to a reduction in
trend and the remaining three-quarters of the shock corresponds to a drop in the output gap.
We then apply the different methods to the augmented data to forecast the output gap under
this scenario. Note that because only three-quarters of the Covid-like shock is permanent, some
of the projected reduction in real GDP should be attributed to the trend, not the cycle.
Figure [5| plots the estimated output gaps for the projection data, with the vertical dashed
black line marking the beginning of the forecasted output gaps. Just before the start of the
projection, it can be seen that the output gap estimates are reasonably consistent with the
estimated output gaps reported in Figures [2| and |3| even though estimation now uses the aug-
mented data up to 2055. Specifically, all the estimated output gaps suggest that the COVID-19
recession largely represented a transitory decline in output, consistent with the economic narra-
tive that economic activity that was constrained by mitigation measures in 2020Q2 was largely
restored in 2020Q3. Furthermore, as discussed previously, even though both versions of the
Hamilton filter produced output gap estimates that were very similar pre pandemic, this does
not appear to be the case post pandemic. The differences for the original and modified Hamilton
filters are thus entirely driven by the large shock at the onset of the pandemic. To be sure, in
the absence of an outlier shock, the original and modified Hamilton filter produce very similar
estimates of the output gap, which they did for the pre-pandemic sample, as also shown by
Quast and Wolters| (2022)). However, when large shocks such as the Covid crisis occur, the two
versions of the Hamilton filter produce vastly different output gap estimates. In fact, because
the modified version of the Hamilton filter averages the gap obtained from h = 4 to h = 12,
the base effects of the outlier quarterly growth rates affect the modified filter starting at four
quarters after the large shock (2021Q2), which we can see from Figure , is when the estimated

gaps for the original and modified Hamilton filters start diverging. Of course, because the base
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effects of the large outliers are averaged in the modified version, the modified version does not
see the same large spike after eight quarters (2022Q2) as found with the original Hamilton
filter.

Figure 5: Forecasted output gaps
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Units are 100 times natural log deviation from trend. Estimates are reported for 2012Q1 to 2050Q4 based data from 1947Q1 to
2023Q2 augmented with projected data from 2023Q3 to 2050Q4. The vertical dashed black line denotes 2023Q3, which is the
beginning of the forecast period. The shaded bar corresponds to NBER recession dates.

Turning to the forecasts in Figure [5] because the output gap estimates are all close to zero
in 2023Q2 and output growth is set to trend growth for the 15 years before the outlier shock in
2038Q3, we would expect the forecasted output gap to converge to zero as the effects of previous
shocks dissipate. This is the case for the BN and HP filters. However, for both versions of
the Hamilton filter, the forecasted output gap slowly increases over the forecast horizon. This
is a function of the fact that the actual growth in the projection of 0.6% per quarter is not
identical to what would be predicted based on the regression model, which will largely reflect
the average growth rate over the full sample (including the augmented data). In principle,
the longer the projection sample, the closer the predicted growth would get. But, in practice,
because there is no stochastic variation in projected real GDP for most of the projection (other
than the Covid-like shock in 2038, which we discuss below), the regression for the Hamilton
filter would become akin to a regression of a linear time trend on lagged linear time trends
and constant, which would move towards a singularity in the limit and not actually identify
coefficients summing to one with the constant converging to the simulated drift. It is possible
to find a precise growth rate for which the Hamilton filter would imply a forecasted output
gap that is a flat line close to zero. But this is a knife-edge case and there is no reason the
corresponding growth rate would be the same projection of output growth that a policymaker

would want to consider. Meanwhile, consistent with nearly identical estimates in the absence
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of outliers, this issue with the drifting forecast is not addressed by the modified Hamilton filter,
which produces an indistinguishable forecast of the output gap that drifts upwards on the same
path as for the original Hamilton filter.

In terms of the simulated Covid-like shock in 2038 in Figure [5 we can see it has very
similar effects on the forecasted output gaps as what actually happened with the estimated
output gaps around the COVID-19 pandemic. Confirming the idea that the earlier spike in
2022Q2 was spurious, the original Hamilton filter again implies a big mechanical spike exactly
two years after the shock, while the modified Hamilton filter smoothes this effect out, but both
continue on their upward trajectory a few years after projected output returns to its trend
growth rate. Both Hamilton filters also overstate the decline in the output gap in 2038Q3 at
more than 10%, even though the actual transitory decline in output was 7.5% in the simulation.
Given output growth was -10% in 2038Q3, the Hamilton filters imply a slight increase in trend
when the true trend actually fell by 2.5%. Both the HP and BN filters capture an output gap
of -7.5% in 2038Q3, but this actually implies the HP filter misses most of the actual decline in
trend because the HP filter output gap falls by close to 10% from a spuriously positive level
prior to the shock that is similar to what happened with revised estimates based on the HP
filter prior to the COVID-19 pandemic. Both the HP and BN filters eventually return to zero
in the long run, indeed the HP filter does so somewhat faster than the BN filter. But only
the BN filter captures the movements in trend and cycle during the Covid-like shock correctly,

while also generally having good long-run properties with its forecast.

5 Conclusion

We have proposed some refinements to the original BN filter in Kamber, Morley, and Wong
(2018)) and investigated whether the BN filter remains intuitive and reliable in the face of outliers
such as occurred with the COVID-19 pandemic. We find that the BN filter remains reliable,
with the proposed refinements enhancing how intuitive its output gap estimates are. Comparing
against other popular methods, the HP filter also produces intuitive output gap estimates, but
its well-known lack of real-time reliability remains a problem. The Hamilton filter, on the other
hand, is clearly reliable, but may be ill-suited to deal with outlier type data such as occurred
during the pandemic since it mechanically produces a future spike in the estimated output gap
following an outlier shock exactly in line with the filter horizon. It also produces unintuitive
forecasts of the output gap given plausible projected values of future output growth. From this
perspective, especially when considering outlier data such as experienced during the COVID-19
pandemic and also data augmented with long-term projections as often considered in policy
settings, the BN filter appears to be the only of the three univariate trend-cycle decomposition

methods under consideration that is both intuitive and reliable.
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