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Abstract

We incorporate inferential expectations into the Barro-Gordon model (1983a)

of time inconsistency and consider reputational equilibria. The range of sustain-

able equilibria shrinks as the private sector becomes more belief-conservative.
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1 Introduction

Barro and Gordon (1983b) famously showed that discretionary policy by a central

bank attempting to push output above the natural level delivers a costly average

inflation bias. Barro and Gordon (1983a) argued that in a repeated game reputational

concerns by the central bank can reduce the inflation bias by sustaining equilibria

with inflation rates below the one-shot discretionary equilibrium rate. Their model

applies the folk theorem for infinite-horizon repeated games (Fudenberg and Maskin,

1986) in which the private sector follows a grim trigger strategy that punishes the

central bank should it renege on its promise to deliver low inflation.1

In this paper we refine the Barro-Gordon reputational equilibria by assuming

that the inflation process is noisy and by endowing the private sector with inferential

expectations (IE), a boundedly-rational model of belief formation based on hypothesis

testing, presented and justified in Menzies and Zizzo (2009). Under IE, agents have

a null hypothesis (0) belief about a variable, which they maintain unless enough

evidence exists such that, in a hypothesis test with test size , they can reject it

for an alternative hypothesis (1). IE can be considered a ‘fast and frugal heuristic’

(Gigerenzer et al., 1999) of belief formation characterized by information gathering

and information processing costs.

We show that when the private sector has inferential expectations and time is

used as a test statistic the enforceable range of equilibrium inflation rates shrinks.

This is an important finding as it highlights the strong rationality requirement for

the sustainability of low inflation rates, an aspect largely unconsidered in the existing

literature.

We feel that this kind of setup is much closer to reality. Most central banks with

inflation targets have adopted target bands, thus admitting inflation is uncertain and

not perfectly controllable. And the assumption of belief conservatism accords with a

slew of evidence from psychology and economics.2

2 The Model

2.1 Setup

There are two players, the monetary authority and the ‘private sector’. The monetary

authority’s expected intertemporal loss function is

 = E

" ∞X
=0



#
(1)

1For an overview of models studying reputational equilibria and the associated references see

Walsh (2010).
2See, for example, Gigerenzer and Murray (1987) and Menzies and Zizzo (2007).
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where the period loss function is

 =


2
2 −  ( − )     0 (2)

 ∈ (0 1) denotes a constant discount factor, and E is the mathematical expectations
operator, conditional on time  information. The period loss function is standard–

the first term captures the nonlinear cost of a deviation of inflation from the socially

optimal level, which is normalized to zero. The second term models the benefit from

unanticipated inflation as encapsulated in a Lucas supply function. The constant

parameters  and  describe the monetary authority’s relative weights for inflation

stabilization and output expansion, respectively. Since there are no lags in the system

the current choice of inflation imposes no direct constraints on future choices, making

the optimization problem static.

Inflation is given by

 = ∆ +  (3)

where∆ is the growth rate of the money supply–the central bank’s policy instrument–

and  ∼ (0 2) denotes a velocity disturbance.
The private sector uses inferential expectations when forming beliefs about the

inflation rate . Because inflation is not directly under the central bank’s control,

the private sector does not know whether a deviation of the inflation rate from the

announced target is due to a change in the policy instrument or due to a velocity

shock.

In some initial period the central bank announces an official inflation target, ∗.
Within each period the timing of events is as follows:3 First, the private sector sets

. Then the central bank chooses its instrument setting∆, after which the velocity

shock  is realized and actual inflation and output are determined. Finally, the private

sector forms its inferential expectations.

2.2 Static Equilibria

Consider first the solutions to the above problem under rational expectations (RE),

as described in Barro and Gordon (1983a).

Discretion Minimizing , taking 

 as given, delivers the time consistent, optimal

choice of ∆,

∆ =



 (4)

where the -superscript denotes discretion. Actual inflation is given by  = +.

3At the beginning of the period the monetary authority and the private sector share the same

information set.
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With rational expectations,  =  = ∆ = . The period  expected loss to

the monetary authority becomes

E
£



¤
=



2

Ãµ




¶2
+ 2

!
 (5)

Commitment If the policy maker can commit to an announced policy target, ∗,
and the private sector believes this announcement, the latter’s expectations become

endogenous, implying  = ∗. The associated policy setting is

∆∗ = ∗ (6)

with an expected loss of

E [
 ] =



2

¡
(∗)2 + 2

¢
 (7)

which is minimized when ∗ = ∆∗ = 0.

Cheating If the private sector believes an announced rule, the policy maker has an

incentive to renege on its announcement (cheat). Suppose the monetary authority

announced an inflation target of ∗, implying ∆∗ = ∗, which is believed by the
private sector:  = ∗ = ∆∗. The monetary authority’s optimal choice of ∆ is

the discretionary solution,

∆ =



 (8)

where the -superscript denotes cheating. The associated expected loss is

E
£



¤
=



2

Ã
−
µ




¶2
+ 2 +

2


∗
!
 (9)

Quick inspection reveals that, if ∗  , E
£



¤
 E [

 ]  E
£



¤
, replicating

the conventional result that commitment is better than discretion.

2.3 Sustainable Reputational Equilibria

In an infinitely repeated game, a reputational equilibrium offers a possible solution

to the costly inflation bias resulting from myopic discretion, as shown by Barro and

Gordon (1983a).

2.3.1 Grim Trigger Strategy with Inferential Expectations

Assume that the private sector follows a grim trigger strategy, as in Friedman (1971),

when forming inferential expectations. Due to noise in the inflation process the

private sector each period must decide whether the monetary authority is obeying
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its announced policy rule or cheating. This decision is the outcome of a statistical

hypothesis test with the following null and alternative hypotheses:

0 : ∆ = ∗ = ∆∗ (monetary authority obeys rule)

1 : ∆  ∗ = ∆∗ (monetary authority cheated)

The signal is the number of periods for which   ∗ while the test statistic is  ,
based on a sampling distribution discussed below.

Inflation expectations at the end of peoriod  − 1 are revised according to the
outcome of the hypothesis test:

 =

½
∗ = ∆∗ if 0 accepted

 = ∆ =  if 1 accepted

Without loss of generality, we assume that the private sector’s punishment (setting

 =  = ∆ if 1 accepted) lasts one period only. After the punishment phase

history is erased–the counter for the test statistic reverts to zero and  = ∗.
For simplicity we rule out central bank strategies that are contingent on the test

statistic  . In other words, the central bank does not attempt to exploit the private

sector’s belief conservatism.

2.3.2 Benefits and Costs

The benefit of cheating (temptation) in period  is the difference between the expected

utility loss of a commitment policy and a cheating policy. For a given target inflation

rate ∗ the benefit to cheating in period  is

X
=0


¡
E
£

+

¤− E £
+

¤¢
=  (10)

where  denotes the period in which private agents decide the monetary authority is

cheating and  and  are defined as4

 ≡ 

2

µ



− ∗

¶2


 ≡ 1− 

1− 


The greater the distance between ∗ and , the greater the temptation to cheat.

At ∗ = , there is no temptation to cheat because  is already the optimal

inflation rate under discretion. The benefit of adhering to the announced policy rule

(enforcement) is given by


¡
E
£

+

¤− E £
+

¤¢
= 

"


2

Ãµ




¶2
− (∗)2

!#
 (11)

4Note that + − + =  −  .
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which is the cost, in present value terms, of reverting to discretionary policy in period

. For values of ∗ below and above , an increase in ∗ reduces the cost of cheating
at an increasing rate.

2.3.3 Range of Reputational Equilibria

For a rule to be enforceable the benefit to cheating (temptation) must be less than

or equal to the cost of cheating (enforcement).

Figure 1 shows the temptation and enforcement curves. The bounds of the range

of enforceable (time consistent) inflation rates are determined by the points where the

temptation and enforcement curves intersect. Setting (10) equal to (11) and solving

for both roots of ∗, yields the lower bound (∗1) and upper bound (
∗
2) of the range:∙

 (− )

 (+ )





¸


An optimizing policy maker will pick the value from within the enforceable range

that minimizes its loss, which is simply the lower bound.

ENFORCEMENT RANGE

Figure 1: Range of enforceable inflation rates

2.3.4 Maximum Length of Cheating

Based on (3), for a given ∗ = ∆∗, actual inflation is just as likely to be above ∗ as
below ∗. When observed inflation exceeds ∗ for successive periods, the probability
that the monetary authority has not cheated decreases over time.
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More formally, assume a discrete probability density function given by

 () =

µ
1

2

¶

  = 1 2 3    

which gives the probability that   ∗ for  successive periods if ∆ = ∆∗. The
-value is

 =

∞X
=

 () =

∞X
=

2− = 21−

0 is rejected if

 = 21− ≤ 

which, when solved for , becomes

 ≥ 1− ln
ln 2



Evidently, the lower bound of the enforceable range and consequently the range

itself becomes a function of :

∗1 =

¡
− 1−(ln ln 2)

¢
 (+ 1−(ln ln 2))

with

 =
1− 1−(ln ln 2)

1− 


2.3.5 Comparison with Original Barro-Gordon

Comparing this model to the original Barro-Gordon model reveals that the upper

bound of the enforceable range, ∗2 = , is the same in both cases, while ∗1 in the
IE-model is a function of , the number of periods actual inflation exceeds the target.

The -intercept of the temptation curve in figure 1 ( (22)) is increasing in  while

the -intercept of the enforcement curve ( (22)) is decreasing in . Hence, as the

number of periods during which inflation is allowed to exceed the target increases,

the enforceable range shrinks.

Two extremes are useful to consider. First, consider the case where  approaches

infinity. The lower bound of the range is thus

∗1 = lim
→∞

 (− )

 (+ )
= lim

→∞




(lim→∞− 0)
(lim→∞+ 0)

=



= ∗2

Hence, the length of the enforceable range collapses to zero and the only enforceable

inflation rate is .
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Now consider the case where  = 1. In this case the lower bound is

∗1 =
 (− )

 (+ )
=

 (1− )

 (1 + )


which simply equals the lower bound in the original Barro-Gordon model. The latter

model is therefore nested in the model with inferential expectations.5

3 Discussion

When agents have inferential expectations in the Barro-Gordon model the enforceable

range of equilibrium inflation rates narrows. Because the inflation process is noisy,

the private sector is unable to decipher whether an increase in observed inflation is

due to a velocity shock or to systematic expansionary policy. If the private sector is

belief-conservative it requires a large amount of information (several periods in which

  ∗) before it changes its belief. The monetary authority is thus able to cheat
for several periods before being ‘caught’ and so the temptation to cheat grows. The

private sector recognizes this and responds by tolerating a smaller range of inflation

targets. Consequently, the enforceable range depends on the test size  used in the

private sector’s hypothesis tests. The original Barro-Gordon model is a special case

of the model with inferential expectations in which  = 1.
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